Single photons with orbital angular momentums (OAM) have attracted substantial attention from researchers. A single photon can carry infinite OAM values theoretically. Thus, OAM photon states have been widely used in quantum information and fundamental quantum mechanics. Although there have been many methods for sorting quantum states with different OAM values, the nondestructive and efficient sorter of high-dimensional OAM remains a fundamental challenge. Here, we propose a scalable OAM sorter which can categorize different OAM states simultaneously, meanwhile, preserve both OAM and spin angular momentum (SAM). Fundamental elements of the sorter are composed of symmetric multiport beam splitters (BSs) and Dove prisms with cascading structure, which in principle can be flexibly and effectively combined to sort arbitrarily high dimensional OAM photons. The scalable structures proposed here greatly reduce the number of BSs required for sorting high dimensional OAM states. In view of the non-destructive and extensible features, the sorters can be used as fundamental devices not only for high-dimensional quantum information processing, but also for traditional optics. 
FIG. 1. (a)
Schematic diagrams of (a) the 4-port BS and (b) the symmetric 2N -port BS. The 4-port BS is the element used to construct a 2N -port BS. A non-OAM photon incident from Port-k of the 2N -port BS will output from all ports with equal amplitudes.
I. INTRODUCTION
Single photons with orbital angular momentum (OAM) have been prospective high dimensional resources in quantum physics since 1992 [1] . The Hilbert space dimension of a single photon with OAM can, in principle, be arbitrarily large. This high-dimensional property gives OAM an important role in fundamental studies of quantum mechanics [2] , high precision optical metrology [3] [4] [5] , micromechanics [6, 7] , quantum cloning [8, 9] , quantum memory [10, 11] , quantum computing [12] and high-dimensional quantum communication [13] [14] [15] [16] [17] [18] .
In many fields, sorting different OAM states is a fundamental requirement, such as the measurement of highdimensional Bell states [19] and quantum communication. In the early days, a fork hologram was a primary tool for sorter single photons with different OAM values [20, 21] . The fork hologram adds a spire phase structure to the incident OAM light. If the added azimuthal phase structure is −l, then the incident OAM light with quantum number l will be transformed into a zero-order Gaussian light, whereas light with l ′ = l will be transformed into non-zero OAM light. Thus, a single mode fiber after the hologram will collect only the OAM light with quantum number l. However, this method can only measure light with one particular OAM state each time [20] . The improved sorter with a fork hologram can sort several OAM states but with very low efficiency [21] . Recently, Berkhout et al. introduced conformal transformation into OAM sorter studies [22] . They employed a Cartesian to log-polar transformation to sort different OAM states simultaneously. By combining the Cartesian to log-polar transformation with refractive beam copying, the number of OAM states being sorted simultaneously can reach 25 to 27, and the sorter efficiency is greater than 92% [23, 24] . Although very successful, sorters with conformal transformation destroy the incident photon states. The OAM mode can be retrieved from the Gaussian mode by introducing a desired azimuthal phase, but the external phase added cannot be retrieved as it is usually not prior known in many applications, e.g., in quantum cryptography. This disadvantage limits further applications of OAM states in quantum processing.
Leach et al. demonstrated a non-destructive sorter method utilizing a Mach-Zehnder interferometer (MZI) with two Dove prisms [25] . This method can in principle sort different OAM states with 100% efficiency. The method has been further developed to demonstrate non-destructive sorters for spin-OAM states [26, 27] . Because the MZI is two dimensional, this type of sorter can only sort OAM states with odd l from states with even l. Thus, a cascading stage structure with N − 1 MZIs is needed to sort N OAM states. The cascading stage structure also calls for different changes of azimuthal phases, corresponding to the quantum numbers l of OAM states, and rotating angles in different stages. As OAM states with different values of l evolve with different Gouy phases [28] , the changing of the azimuthal phase in the different stages decreases the visibility of the MZIs. These disadvantages limit its applications.
In this work, we propose a high-dimensional sorter that sorts different OAM states simultaneously. This sorter is constructed by symmetric 2N -port beamsplitters (BSs) and Dove prisms. The symmetric 2N -port BSs are used to realize N -dimensional unitary transformations (UTs). The Dove prisms modulate the phases of different OAM states according to the quantum numbers l. Since there is no state collapse or active control process, the sorter does not destroy the input OAM states and will not limit the operation rate of the system. We propose three types of cascading-structure OAM sorters, which greatly reduce the resources required and solve the problem of extending the OAM sorter to higher dimensions. 
II. OAM SORTER WITH MULTIPORT BEAMSPLITTERS
Before discussing the OAM sorter, we first introduce the 2N -port BS. Fig. 1(a) gives the structure of the elementary 2-dimensional BS (the 4-port BS with two input and two output ports). It can be described by a 2 × 2 UT:
where η and 1 − η are the reflectivity and transmissivity of the interface, respectively. The negative of the last matrix element is introduced by the reflection off the higher index medium. It becomes the most common symmetric 50:50 BS when η = 1/2. Generally, BSs with more input and output ports are called multiport BSs [29, 30] . We consider only symmetric multiport BSs here. A photon incident from input port k of a symmetric 2N -port BS will output from all output ports with equal amplitudes (Fig. 1(b) ). A symmetric 2N -port BS is described by an N × N UT. For N ≤ 3, the UT for any symmetric multiport BS is unique based on the conservation of energy. This class of UT is called the canonical multiport [31, 32] . For N ≥ 4, there are an infinite number of equivalent classes of UTs for a 2N -port BS [33] [34] [35] . Our work is confined to the canonical multiport BS. The N × N UT of a canonical 2N -port BS is
For a single photon incident from Port-k, the output state will become
where
T represents the photon incident (output) from Port-k(m). If |ψ out goes to a second cascading 2N -port BS, the final output state will become
The subscript 1(2) represents the first (second) U N . It is clear that |ψ out,2 is output from only a single port, as the second 2N -port BS can be seen as the inverse of the optical path of the first 2N -port BS. Thus, a single photon incident from a different port of the first 2N -port BS will output from a different port of the second. This phenomenon is the inspiration of our OAM sorter. Now, we detail the OAM sorter. Eq. 3 shows that the first 2N -port BS acts not only as an equal probability amplitude distributor but also as a phase modulator (PM). The phase introduced depends on the initial incident port. 
where the integer parameter l ∈ [1, N ]. The output port is controlled by parameter l. What if the incident photon has OAM and the PMs are Dove prisms ( Fig. 2(b) )? When the Dove prism rotates by an angle α/2 along the propagation axis, the phase shift of an l-order OAM photon becomes φ l = lα [36, 37] . If the rotation angles of Dove prisms of different paths are in the form α m = (m − 1)π/N , for an incident l-order OAM photon from Port-k of the first U N , the final output port of the second U N is determined by Eq. 5, provided that the transformation of the 2N -port BS remains U N . Then, two 2N -port BSs and N Dove prisms comprise the non-destructive OAM sorter. Additionally, the sorter requires no active modulation of the Dove prism. Thus, there is no limit to the sorter speed. In order to preserve spin angular momentum (SAM), we adopt the improved Dove prism module in Ref. [26] , which consists of an improved Dove prism and a half-wave plate (HWP), instead of the primary one. For simplicity, the initial OAM states are considered by convention to input from Port-1 of the first multiport BS of the OAM sorter if no statement is claimed. Unfortunately, the classical multiport BSs are constructed from two-dimensional BSs, mirrors and PMs [31, 35, 38] . The BS is not OAM preserving because the reflection on the BS or mirror will invert the l-order OAM state |l O to | − l O , where the subscript O represents the OAM state. There is no interference for two identical OAM states incident from different ports of the BS [8] . Thus the multiport BSs can no longer be described by Eq. 2. Here we design a simple device that is OAM preserving and can be described by the UT of Eq. 1. Fig. 2 (c) gives the schematic diagram of the device, which is a parallelepiped BS. A photon incident from Port-1 is totally reflected by the left inner surface I before going to the η:(1 − η) BS (interface II), where η and (1 − η) are the reflectivity and transmittivity of interface II, respectively. The transmission part is reflected by the right inner surface III and outputs from Port-2 ′ , whereas the reflection part outputs from Port-1
Thus, the parallelepiped device acts as a 2-dimensional UT to the incident OAM state. This device is an elementary OAM BS. Any 2N -port-OAM BS and UT can thus be realized by the elemental OAM BSs, mirrors and PMs.
III. SCALABLE STRUCTURES OF OAM SORTER
The number of BSs sufficient for a classical N -dimensional UT is N 2 [38] , where N 2 is the binomial coefficient. However, the number of BSs required increases as O(N 2 − N ), causing the N -dimensional UT to lack extensibility. This disadvantage limits the applications of multiport BSs for high-dimensional UTs and high-dimensional OAM sorters. This problem can be solved by decomposing the N -dimensional OAM sorter into cascading structures, as shown in Fig. 3 .
A. Parallel cascading structure Fig. 3(a) shows the parallel cascading structure (PCS) by which a p-dimensional OAM sorter S p is cascaded by p times a q-dimensional sorter S q . As discussed above, the output state from Port-i ′ of S p is |l = pn − i O , and the corresponding output state for S q is |l
is cascaded by Port-1 of S q , the output ports of S q i for different OAM states are degenerate only if the differences in the quantum values of the OAM states satisfy l ′ − l = t[p, q], where t is an arbitrary positive integer and [p, q] is the lowest common multiple (LCM) of p and q. Thus, if p and q are co-prime, the cascading structure of one S p and p times S q can completely sort (p · q)-dimensional OAM states. It is easy to prove that See Appendix A for the proof of Theorem 1.
B. Parallel multi-cascading structure
If p or q is not a prime, then N can be decomposed further, N = k i=1 p i ai , where a i is the power of p i , and p i and p j are co-prime for any i = j. If a i = 1 for arbitrary i ∈ [1, k], the PCS can be decomposed into a parallel multi-cascading structure (PMCS) (Fig. 3(b) ) and the number of BSs necessary, d
P MCS N
, becomes smaller according to Theorem 1. Any decomposition resulting in a i > 1 is forbidden, as the decomposition reduces the dimensionality N into N/p i ai−1 . For example, the optimal PCS for a 20-dimensional OAM sorter is (5, 4). If we decompose the PCS further (5, 2, 2), the dimensionality of the PMCS OAM sorter is reduced into
Generally speaking, the PCS and PMCS given by Theorem 1 are usually not the optimal PCS and PMCS with the fewest BSs if dimensionality redundancy is allowed. For a particular N , there may exist a large factor that cannot be factorized further by Theorem 1, while a larger N may avoid this situation. For example, an optimal PMCS 30-dimensional (5 × 3 × 2) OAM sorter requires fewer BSs than a 26-dimensional (13 × 2) one (Fig. 4) . The optimal PCS and 3-cascading PMCS of a 154-dimensional OAM sorter without dimensionality redundancy are (22, 7) and (11, 7, 2), respectively. However, if dimensionality redundancy is allowed, a 4-cascading structure ( (7, 5, 3, 2) ) can reduce the number of BSs further. That is to say, a 210-dimensional OAM sorter requires fewer BSs than a 154-dimensional one.
In fact, the PMCS (5, 3, 2) and (7, 5, 3, 2) are the optimal combinations. That is, no PMCS OAM sorter with N > 30(210) requires fewer BSs than the 30(210)-dimensional one with PMCS (5, 3, 2)((7, 5, 3, 2)).
, p i and p i+1 are consecutive primes and p k < 5,, the PMCS N -dimensional OAM sorter requires fewer BSs than any larger dimensional one.
See Appendix B for the proof of Theorem 2.
C. Time-delay cascading structure Fig. 3(c) shows a time-delay cascading structure (TDCS). In the TDCS, only one S p and one S q are needed. The output states of different ports of S q successively input into the corresponding input ports of S p according to the TD values. Though requires more time resources, the TDCS greatly reduces the number of BSs. The following theorem gives the optimal TDCS for an N -dimensional OAM sorter without dimensionality redundancy: 
IV. FIDELITY OF THE OAM SORTER WITH IMPERFECT DEVICES
For a practical system, the devices are hardly to meet requirements of the ideal model. Thus, the fidelity is an important index to evaluate the agreement between the practical operation and the desired one. Here, we adopt the definition of the fidelity of a quantum operation in Ref. [39] 
A classical symmetric 3-dimensional BS, expressed by Eq. 2 is shown in Fig. 5(a) . It consists of 3 BSs (U 2 1, U 2 2 and U 2 3), 3 phase shifters (φ 0 , φ 2 and φ 3 ) and a mirror. The parameters are desired as η 1 = 1/3, η 2 = η 3 = 1/2, φ 0 = 4π/3, φ 2 = 4π/3 and φ 3 = 5π/6, where η 1 , η 2 and η 3 are the reflectivities of U 2 1, U 2 2 and U 2 3, respectively. By introducing deviations of the reflectivities and phase shifters, ∆η i and ∆φ j , into the system, the 3-dimensional UT becomes
where η
The path-depending phase shifters can be expressed as
where ∆φ mk is the phase deviation of path-k and k = 2, 3. Thus, the practical UT of a 3-dimensional OAM sorter becomes S
. If all deviations, ∆η i , ∆φ j and ∆φ mk , are equal to 0, S ′ 3 approaches to the desired UT S 3 = U 3 P 3 U 3 , where U 3 and P 3 are expressed by Eq. 7 and 8, respectively, with all deviations being 0. U N 1 and U N 2 in Fig. 2(a) have been set as the same one here, as it is easy to realize in experiments by inputting the photon state back into U N 1. Hence, the fidelity of a practical 3-dimensional OAM sorter is
TABLE I. The average random simulation fidelities of the 2-dimensional, 3-dimensional and 6-dimensional OAM sorter. In order to simulate the fidelity of a practical OAM sorter, we assume that all deviations are independent and follow Gaussian distributions (see Fig. 5(b) and (c) ). By considering the technological level of commercial products, the full width at half maximum (FWHM) of deviations of reflectivities of all BSs are about 11.9% (Fig. 5(b) ). The FWHM of deviations of all phase shifters are about 3.8 degree (Fig. 5(c) ). The random simulation is repeated for 100 times, and the fidelities for OAM states with l = 1, 10, 20 and 30 are shown in Fig 5(e) .
The random simulation fidelity of a 2-dimensional OAM sorter is shown in Fig. 5(d) . The fidelity of a cascading structure OAM sorter is determined by the number of cascading levels. For a k-level cascading structure, the fidelity is Fig. 5(f) gives the simulation fidelity of a 6-dimensional OAM sorter with 2-level cascading structure (6 = 3 × 2). The average simulation fidelities of Fig. 5(d) , (e) and (f) are shown in TABLE I. According to the random simulation results, even the worst fidelity of the cascading structure sorter for a 30-order OAM state is close to 0.8, while the corresponding average fidelity is < F 6 >= 0.934. With state of the art technique, the fidelity can be higher. Thus, the OAM sorter proposed here is realizable. The fidelity of a practical N-dimensional OAM sorter can be analyzed analogously.
On the other hand, the efficiency of practical BSs should be considered for a high-dimensional OAM sorter. For example, the state of art efficiency of a practical BS can be 99%, and the total efficiency of a 30-dimensional PMCS OAM sorter (30 = 5 × 3 × 2) becomes 0.99 5+3+2 = 0.904, which is acceptable for a practical system. However, for a much higher-dimensional sorter, the losses of BSs and any other optical elements make the sorter being less efficiency. Of course, there are some other factors that may decrease the sorting fidelity,such as phase drift with temperature. Thus, temperature control is also necessary for a high-fidelity sorter.
V. CONCLUSION
In conclusion, we have proposed an OAM sorter without destroying the photon states. The sorter consists of 2N -port BSs and Dove prisms. The cascading structures solve the problem of extending the OAM sorter to higher dimensions. As there is no azimuthal phase change for any OAM state, the Gouy phases of different OAM states do not affect each other. Thus, there is no crosstalk in principle. Since arbitrary discrete finite-dimensional OAM UT as well as the sorters for a single-photon state can be realized by assembling different dimensional multiport BSs [35, 38] , this structure has a promising prospect for quantum processing. It is worth to be emphasized that the OAM sorter proposed here also preserves SAM, thus the high-dimensional OAM UT is compatible with traditional optics. The multiport BSs used here can be produced by the standard approach shown in Ref. [38] , which makes the sorters easy to extend. Additionally, by considering the assembly property, the proposed OAM sorters are favorable from the perspective of industrialization. Outlook. Although traditional integrated optical circuits [40] [41] [42] [43] are not compatible with OAM light, special optical fibers for OAM light communication have been reported, and the transmission length record is over 1 kilometer with low crosstalk [44] [45] [46] [47] . Furthermore, great progresses has been made on OAM light generation and multiplexing with integrated optical circuit technologies [17, [48] [49] [50] . With the achievements above, the cascading-structure OAM sorters proposed here possess bright prospects for extending the dimensionality of free-space and on-chip quantum information processing. 
where N = pq, and p, q are co-prime. And
as p, q ≥ 2. Thus, the number of BSs sufficient for a PCS N -dimensional OAM sorter is always smaller than a direct N -dimensional sorter. There are two combinations of PCS for every (p, q). The combinations are: (a) one S p and p times S q ; (b) one S q and q times S p . Let p > q, then
always holds. Thus, the combination (p, q) requires fewer BSs than that of (q, p).
Theorem 1.
For an arbitrary non-prime N , if there exists a set of co-prime numbers 
By taking two derivatives of f , we obtain f ′′ = 2N q 3 (− 3N q + 1). Because q < N , f ′′ < 0 always holds. Hence, the root obtained by Eq. A.5 is the maximum point of f . In other words, the smallest number of BSs sufficient for a PCS N -dimensional OAM sorter is obtained at the point q = r 0 . However, r 0 is not an integer and function f is not symmetric with respect to r 0 . Thus, the minimum point should be q j or q j+1 , where q j and q j+1 satisfy q 1 < q 2 < · · · < q j < r 0 < q j+1 < · · · .
This completes the proof of Theorem 1.
Appendix B: Parallel multi-cascading structure
Proof. We assume there exists a PCS OAM sorter requires fewer BSs than one sub-sorter, S pj , of the PMCS Ndimensional sorter. That is, there exists a combination (a, b) satisfying d
, where p j > a > b. a and b should satisfy a, b < p k , otherwise, the dimensionality of the sorter will be reduced. Because p k < 5, then a ≥ 3 and p k ≤ 3, which is contradictory with a, b < p k . Hence, no PCS can substitute for S pj without reducing the dimensionality of the OAM sorter.
This completes the proof of Theorem 2.
For a PMCS OAM sorter with N = k i=1 p i , the number of BSs necessary is In the Time-delay cascading structure (TDCS), only one S p and one S q are needed. The number of BSs sufficient for a TDCS N -dimensional OAM sorter is The derivative of g is g ′ = 2p − 1 − The only two real roots of Eq. C.3 are r 1 = √ N and r 2 = − √ N . r 2 = − √ N is abandoned as p is a positive integer. Hence, p = √ N . Taking two derivatives of g, we obtain 
